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This self-contained study treats steady, incompressible, free-boundary flows in a

gravitating, ideal hydromagnetic star abutting vacuum, illustrating fundamentals

with the field-aligned flows of Chandrasekhar, Pendergast and Tsinganos, and with

a novel cross-field flow solution of Tsinganos’ axisymmetric equation. In the ab-

sence of compressive waves and shocks, an incompressible fluid flow evolves by its

frozen-in magnetic field propagating nonlinearly as transverse Alfvèn waves along the

field lines, with pressure reacting instantly in place. The origin of the steady flows

rests on the Parker theory that everywhere-continuous flows are the exception rather

than the rule because of a basic ideal propensity for tangential field/flow discontinu-

ities. Astrophysical viscosity and electrical resistivity are not zero but are significant

only over scales much smaller than macroscopic scales. Such near-ideal fluids have

the same propensity for tangential discontinuities but the near-discontinuities read-

ily dissipate by small-scale, viscous-resistive magnetic-reconnections. A near-ideal

fluid is restlessly dissipative, shedding free energy and changing its field-topology by

ubiquitous microscopic magnetic reconnections, inexorably attracted to a metastable,

continuous, ideal steady flow as free energy runs out. The study is focused on the

ideal steady flow in its own right, leading to an understanding of the turbulent cre-

ation of a steady flow in a self-organizing near-ideal fluid, as irrepressible magnetic-

reconnections become energetically insignificant. Metastable storage of steady vor-

tices and twisted fields, as a product of the Sun’s internal dynamo, may explain a

recent, multi-instrument, coherent observation of solar-coronal eruptions persisting

in preferred longitudinal locations over solar-rotational timescales.
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I. INTRODUCTION

The formidable free-boundary problems posed by the steady ideal hydromagnetic flows

of a given incompressible stellar mass M0 abutting vacuum, fall into two classes depending

on whether the field is wholly contained within the fluid or is extended across the stellar

boundary into a vacuum potential field. The former is energetically isolated, conserving its

energy E as the sum of kinetic, magnetic, and gravitational potential energies. Energy E

is not conserved in the latter class by the loss of energy to Maxwell electromagnetic waves

propagating away in the unbounded vacuum1. Here and elsewhere the unqualified terms of

field, flux, helicity, and related entities shall mean the magnetic kind.

The ideal fluid as a perfect electrical conductor deforms a wholly-contained field by bodily

transporting the flux frozen in each fluid element. Thus, field topology is invariant in a time-

dependent flow, as is well known2–4. Every field is permanently identified by its invariant

topology T . Preserving T in the full freedom of motion in 3D space drives tangential

discontinuities (TDs) in velocity v and field B to develop spontaneously and irrepressibly,

as pointed out by Parker, Tsinganos and others5–16. Anywhere in the fluid, vorticity and

electric-current densities may intensify without limit in a layer of infinitesimal thickness,

true to the physical meaning of zero viscosity and resistivity.

There are two approaches to pose a steady free-boundary problem, the physical one

seeking the steady flow of a specific fluid identified by its total massM0 and other permanent

properties that include the invariant topology T of its embedded field. That is, a fluid system

is explicitly identified for one to construct its admissible steady states which may or may

not contain TDs. The steady-flow partial di↵erential equations (PDEs) are not to be solved

independently for they must couple to the magnetic-connectivity integrals defining a given

T . The other approach is mathematically simpler, seeking analytic solutions to the steady-

flow PDEs subject to boundary conditions, a traditional approach in continuum mechanics

that excludes TDs by the assumption of analyticity. Each steady-flow solution so obtained

identifies in retrospect the particular fluid the solution describes, including the frozen-in field

of a specific topology T in the fluid. The study will take the latter approach to obtain closed-

form solutions to relate to the first approach, for a constructive physical understanding of

the general free-boundary problem.

The study is motivated by a unique dataset17 from the STEREO and SDO spacecraft
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observing the Sun’s tenuous outer atmosphere, the corona, during the period 2011-2013,

that revealed persistent global-scale bands of magnetic activities meandering slowly in so-

lar longitude. This observation is suggestive of interior fluid vortices and twisted fields

that are long-living and sporadically breaking across the solar surface to disrupt the local

corona. Assuming incompressibility, our theoretical study avoids the compressive sound and

magneto-sonic waves in order to discover the simplest forms of hydromagnetic processes that

correspond to their identifiable more complicated forms in the Sun.

The physics of incompressible ideal steady stellar-flows is complete in its own right,

providing a clear conceptual basis to be used later in the study for understanding what

is meant by a near-ideal astrophysical fluid in which viscosity and electrical resistivity are

weak, significant only over microscopic scales orders of magnitude smaller than astronomical

macroscopic scales3,11–13. The physical relationship between the ideal and the near-ideal

fluids is a fundamentally interesting part of the study, suggesting that the emergent fluid

vortices and twisted fields in the above coronal observation may be a natural product of the

Sun’s interior dynamo3.

Section II presents a derivation of the general, free-boundary, steady stellar flow. Section

III treats steady axisymmetric flows, illustrating general properties with the field-aligned

flows of Chandrasekhar18,19, Prendergast20 and Tsinganos14, and with a novel, cross-field

flow as a solution of the Tsinganos equation14 subject to the stringent condition of Ferraro21.

The cross-field flows are especially interesting, with ergodic flow and field lines intersecting

endlessly on toroidal flux surfaces, the flow bodily and steadily transporting a conserved

magnetic flux under the frozen-in condition. Section IV presents several physical perspectives

to view in broader physical context the fundamental properties of ideal fluids and their

relationship with the near-ideal fluid. Section V concludes the study with a few remarks

on future works. The reference list of this article is not intended to be exhaustive, the list

serving as a guide in our narrative.

II. THE STEADY FREE-BOUNDARY FLOWS: GENERAL THEORY

Consider the time-dependent equations describing a given mass M0 of incompressible

ideal fluid of uniform density ⇢0 flowing with velocity v and embedding a field B:

⇢0
@v

@t
+ ⇢0(v ·r)v =

1

4⇡
(r⇥B)⇥B�rp� ⇢0rU, (1)
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r · v = 0, (2)
@B

@t
= r⇥ (v ⇥B) , (3)

r ·B = 0, (4)

r
2U = 4⇡G⇢0, (5)

in cgs units, with p, U and G respectively denoting fluid pressure, gravitational potential,

and Newton’s constant. The fluid occupies a simply-connected domain V of a fixed volume

V0 = M0/⇢0 with a deformable boundary @V bordering vacuum.

Solenoidal condition (4) on the field is redundant in time-dependent problems because

if B is solenoidal at any one time, then B is solenoidal for all time by induction equation

(3). Momentum equation (1), incompressibility condition (2), induction equation (3), and

Newton’s gravitational equation (5) pose 8 scalar PDEs for 8 scalar variables, namely, the

respective three components of v and B plus the pair (p, U).

Taking the divergence operation across momentum equation (1), the pressure everywhere

is given at each instant of time by the Poisson equation

r
2p = r ·

(
1

4⇡
(r⇥B)⇥B� ⇢0

@v

@t
� ⇢0(v ·r)v

)

� 4⇡G⇢20, (6)

in terms of the fluid and field. That is, pressure provides an instant reaction force that is

not transmitted as waves.

The following two equivalent forms of momentum equation (1) are useful, each expressing

inertial and Lorentz forces symmetrically. Using the vector identity (r⇥ v)⇥v = (v ·r)v�

1
2rv2, the momentum equation takes the form:

@v

@t
+ (r⇥ v)⇥ v =

1

4⇡⇢0
(r⇥B)⇥B�rPB, (7)

PB =
p

⇢0
+

1

2
v2 + U, (8)

introducing Bernoulli pressure PB that involves the kinetic energy density. Applying the

above vector identity on B gives the other equivalent form, symmetrically expressing the

centrifugal and magnetic-tension forces,

@v

@t
+ (v ·r)v =

1

4⇡⇢0
(B ·r)B�rPT , (9)

PT =
1

⇢0

"

p+
B2

8⇡

#

+ U, (10)
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introducing the total pressure PT that involves the magnetic pressure and gravitational

potential U .

Rewrite momentum equation (7) in terms of vorticity w,

@w

@t
+ r⇥

 

w ⇥ v �
1

4⇡⇢0
(r⇥B)⇥B

!

= 0, (11)

w = r⇥ v, (12)

Equations (3), (11), and (12) are a hyperbolic system of nonlinear PDEs describing in-

compressible magneto-gravity waves and incompressible Alfvèn waves, both waves capa-

ble of deforming the free boundary @V . The Alfvèn-waves propagate at phase-velocity

vA = B(4⇡⇢0)�
1
2 along field lines that are the space-time characteristic curves22–24 of the

PDEs. That is, the Alfvèn-waves nonlinearly define their respective wave-paths as they

propagate. Converging or merging characteristics readily result in the dependent variables,

integrated along the characteristics, becoming multivalued in space beyond a critical time,

a fundamental behavior of nonlinear hyperbolic PDEs. The evolution continues physically

with the fluid and field remaining single valued in space through the formation of tangential

discontinuities (TDs) in p, v and B that move bodily as fluid surfaces.

In a compressible fluid, magneto-sonic shock waves as discontinuities arise nonlinearly by

the convergence or merging of the space-time hyperbolic characteristic curves along which

magneto-sonic waves propagate2. In this case, the fluid passing through the shocks are

necessarily dissipative and irreversible, generating specific amounts of entropy created by

viscosity and electrical resistivity implied by the conservation laws governing the shocks.

Quite distinct, the formation of a magnetic TD is a reversible process in the ideal incom-

pressible fluid, with new TDs forming and existing TDs reversibly dissolving back into the

global flow.

Induction equation (3) is an Eulerian description of the flow and field at each space-time

point without involving where each fluid element is located at any given time. The equivalent

Lagrangian description carries more information. Under equation (3), the flux F(⌃) across

each fluid surface ⌃ is constant in time,

d

dt
F(⌃) ⌘

d

dt

Z

⌃
B · n̂ d⌃ = 0, (13)

where d⌃ n̂ denotes a directed area element. A flux surface is permanently identified by the

same fluid elements on it. The textbook definition of topology su�ces for our discussion,
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topological properties being those of the frozen-in flux surfaces and field lines that are

invariant under all continuous fluid deformations. In the absence of viscosity and electrical

resistivity, two ideal fluid parcels slip tangentially and discontinuously along a common,

flux-surface boundary where a vortex sheet and an electric-current sheet form, both sheets

infinitesimally thin.

A. The steady free-boundary flows

A perfect fluid observes zero electric field in the rest frame of each fluid element. By the

non-relativistic transformation of electro-magnetic fields, the electric field in the laboratory

frame is

E = �
1

c
(v ⇥B) , (14)

defined by v and B as solutions to the hydromagnetic equations. The speed of light c

arises from the use of cgs units, no relativistic e↵ect implied. In non-relativistic description,

equation (14) shows that cE is of the same leading order of magnitudes as the vector product

of velocity and field. Induction equation (3) expresses the Maxwell equation

1

c

@B

@t
+r⇥ E = 0. (15)

In the laboratory frame, this equation describes the dynamo generation of fresh magnetic

flux such that, under perfect electrical conductivity, the field behaves as frozen into the fluid.

With the preceding clarification on the electric field, a steady flow is governed by the

electric field being potential:

(r⇥ v)⇥ v =
1

4⇡⇢0
(r⇥B)⇥B�rPB, (16)

r⇥ E = 0; (17)

see momentum equation (7) and Faraday equation (15). Bernoulli pressure PB and electric

field E are given by equations (8) and (14), respectively, both v and B being solenoidal as

described by equations (2) and (4).

We focus attention on two general classes of steady flows, the first being the field-aligned

flows

v = �0
B

4⇡⇢0
, (18)
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�0 a given constant, for which E = 0. The other class comprises cross-field flows subject

to the Ferraro21 iso-rotation condition expressed by the presence of a potential electric field

cE = �rW ,

v ⇥B = rW. (19)

The field-aligned flows may be viewed as cases of the cross-field flows in the limit W ! 0.

The steady-flow equations are subject to the stress-free conditions governing the TDs in

the global flow and at the free boundary @V abutting vacuum. There are two types of free

boundary conditions at @V , the first describing B wholly contained in V and tangential

along @V . Let us use the steady force-balance expressed by

(v ·r)v =
1

4⇡⇢0
(B ·r)B�rPT , (20)

setting time derivatives to zero in momentum equation (9). Integrating equation (20) across

@V into vacuum, we require the total pressure PT to be continuous because the magnetic-

tension and centrifugal forces have no contribution. The gravitational potential energy U

being continuous also has no contribution. Therefore, the sum p + B2

8⇡ of two non-negative

quantities, must be continuous across @V , giving the boundary conditions

p = |B| = 0 at @V , (21)

and permitting v to be finite at @V and falling discontinuously to zero in vacuum.

If, instead, the interior field B extends across @V into a vacuum potential field Bpot,

the two fields must be continuous at the free boundary. The boundary normal components

of the two fields are continuous under the solenoidal condition. Whereas, their tangential

components must also be continuous avoid a TD with a discrete Lorentz force along @V

not possible to be balanced by the fluid. The normal component of the fluid velocity must

vanish at @V under the solenoidal condition. Whereas, the fluid velocity may have a non-

zero component along @V , bodily and steadily moving the interior field B and its connected

exterior potential field Bpot. With these considerations, the following boundary conditions

are imposed:

p = 0, B = Bpot, at @V , (22)

permitting the tangential v dropping discontinuously to zero in the vacuum exterior.

In both wholly contained fields and fields connected to their respective external potential

fields, the stellar flow may contain TDs in v and B in its interior. The force balance at each
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interior TD then takes the form of continuity of the total pressure:

�

"

p+
B2

8⇡

#

TD

= 0, (23)

� denoting the di↵erence in total pressure. No condition applies to the tangential velocity

v on the two sides of a TD.

The free-boundary conditions (21)- (23) are not posed for an a priori given boundary.

The shapes of the boundary @V and interior TDs, if any exist, are among the mathematical

unknowns in the free-boundary problem, to be determined self-consistently with a solution of

the governing steady-flow PDEs. Note that although the gravitational potential U satisfies

the simple linear Poisson equation (5), U must be determined self-consistently with the

shape of @V as a part of the mathematical solution.

Kinetic and magnetic energies, as well as the incompressible pressure, are all expansive.

Although the magnetic tension force if inward directed has a confining e↵ect, it can never

confine its corresponding magnetic pressure force19. Gravity is the only means of holding

the star against the expansion forces or against the incompressible fluid breaking up into

separate volumes. Through @V as an unknown, the coupling of Newton’s equation with the

other hydromagnetic equations determine the self-confining gravoitational potential U .

B. Foliation of 3D flux surfaces and ergodic field lines

Given an analytic field B(r, ✓,') in spherical coordinates (r, ✓,'), its field lines are de-

scribed by the system of ordinary di↵erential equations (ODEs):

dr

Br
=

rd✓

B✓
=

r sin ✓d'

B'
=

d`

|B|
, (24)

where ` is the field-line path length defined by d`2 = dr2+r2d✓2+r2 sin2 ✓d'2. Coordinate '

may be chosen as an independent variable along any field line, with two first order ODEs for

dependent variables r(') and ✓(') along the field line identified by an “initial condition” ' =

'0, a constant. There are two integration constants determined by [r0 = r('0), ✓0 = ✓('0)]

locating a particular point (r0, ✓0,'0) on the line.

For an arbitrarily prescribed 3D varying field, meaning B(r, ✓,') is an arbitrarily pre-

scribed analytic function of space, its field lines generally include endless ergodic lines that

do not cross under the solenoidal condition. A single ergodic line can fill an entire flux sur-

face or magnetic sub-volumes bounded by flux surfaces. Filling is taken in the limiting sense
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of the endless ergodic line approaching as close as desired to any point in its filled surface

or volume. Field-lines are conceptually unambiguous physical objects uniquely defined by

ODEs (24).

A field line is locally the intersection of a freely selected pair of flux surfaces, but this

geometric relationship cannot be global for ergodic field lines. An ergodic field line filling

up a volume of space would mean that the two flux surfaces intersecting along the line also

fill up the volume of space. This seemingly absurd geometric property does not physically

negate the existence of ergodic field lines and their flux surfaces. It only means that there

is no global mathematical representation of the ergodic field lines and their flux surfaces,

with ODEs (24) as the mathematical basis to connect the field lines and their flux surfaces

found in distinct adjacent spatial regions.

Given B(r, ✓,'), its field lines in a su�ciently small volume of space may be identified as

the mutual intersections between two independent families of flux surfaces described as the

level surfaces of two scalar functions ⇠1(r, ✓,') and ⇠2(r, ✓,'), hereafter the Euler potentials.

It follows that B = B0(⇠1, ⇠2)r⇠1 ⇥ r⇠2, with amplitude B0(⇠1, ⇠2) being a constant along

each field line to satisfy the solenoidal condition. Identifying the field lines as the mutual

intersections between the ⇠1 and ⇠2 flux surfaces is not unique, of course. Given (⇠1, ⇠2),

[F (⇠1, ⇠2), G(⇠1, ⇠2)] is another pair of Euler potentials describing the same physical field line

to be lying in constant-F and constant-G flux surfaces of B(r, ✓,'), where (F,G) are freely

prescribed continuous functions of two variables with their corresponding field amplitude

B0(⇠1, ⇠2) suitably re-defined. The mathematical freedom to exhaustively order the field

lines into two independent families of Euler potentials allows one, with no loss of generality,

to choose a pair (⇠1, ⇠2) such that B0 = 1 and the given field is then represented simply as

B = r⇠1 ⇥r⇠2. (25)

This field representation is local, the geometric absurdity of a single line filling a flux surface

or a magnetic volume is reconciled by the realization that a global flux system generally

contains ergodic sub-volumes, each sub-volume containing a single ergodic line filling it, the

sub-volume contiguous with layers of globally defined flux surfaces, each surface possibly

also containing a single ergodic line. A field line has zero cross-section, only having a finite

length if it closes upon itself in spatial isolation. The Euler representation breaks down in

regions of space that include ergodic field lines for which one or both ⇠1 and ⇠2 flux-surfaces
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cannot be globally defined, although, to emphasize, the ergodic field lines and their flux

surfaces are each conceptually well defined. There is much to learn about the topology of

field lines by constructing explicit examples.

C. Chandrasekhar and Tsinganos-Prendergast field-aligned flows

Mathematically trivial but physically far reaching, force-balance equation (16) is satisfied

for �0 = ±1 for all velocities set parallel or anti-parallel to the Alfvèn velocity in an arbitrarily

prescribed B, the Lorentz and fluid inertial forces balancing each other with the Bernoulli

pressure PB and the total pressure PT being identical and uniform in space, given by a

constant P0:

v = ±
B

p
4⇡⇢0

, (26)

PB ⌘ PT

=
1

⇢0

 

p+
|B|

2

8⇡

!

+ U = P0. (27)

These are the Chandrasekhar equipartition flows14,18,19 with the kinetic energy density 1
2⇢0v

2

equal to the field energy density 1
8⇡B

2 everywhere. Magnetic fields propagate as nonlinear

waves along the field at the Alfvènic wave velocity Bp
4⇡⇢0

in the incompressible fluid. In the

equipartition flows, the field is stationary, with no free wave-energy, in the rest frame of

every parcel of fluid, and is demonstrably linearly stable18,19. The equipartition flows define

a manifold of stable Chandrasekhar incompressible steady stars. Each star of mass M0 and

uniform density ⇢0 has a fixed volumetric measure V0 = M0/⇢0 that can take any shape

of its stress-free @V subject to self-confinement by the star’s shape-dependent gravitational

force. Chandrasekhar stars with wholly contained 3D fields are readily constructed by a

mere prescription of the field to fit a geometric shape of @V subject to the field and its

aligned flow vanishing at the stellar boundary.

D. Steady cross-field flows

Steady cross-field flows under the frozen-in condition in 3D space are subject to Ferraro’s

severe condition that each individual fluid element must carry its frozen flux in its steady

motion with no change to the steady distribution of the field. Such flows are expected to
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be composed of regions of continuous flow bounded by interior stress-free magnetic TDs

as fluid boundaries. Here we take an overview of the general governing steady equations,

representing the solenoidal v and B by their pairs of Euler potentials, to keep in mind in

the study of a novel family of axisymmetric cross-field flows in Section III.

Denote a point in 3D Cartiesian space by the coordinate vector x and express solenoidal

v and B by the pairs of Euler potentials [�(x),W1(x)] and [A(x),W2(x)], respectively,

v = r�⇥rW1 = r⇥ [�rW1] , (28)

B = rA⇥rW2 = r⇥ [ArW2] . (29)

The velocity-lines lie on two distinct families of flow surfaces of constant � and constant W1.

To reword, the two families of surfaces mutually intersect along the velocity-lines. Similarly,

the mutual intersections of the two families of constant-A and constant-W2 are the field-

lines. Ferraro’s condition (19) is met by the velocity-lines and field-lines lying on surfaces of

constant electrostatic potential W . Therefore, we may identify the flow-surfaces of constant

W1 and the flux-surfaces of constant W2 with the electric-potential surface of constant W ,

i.e., W1 ⌘ W2 ⌘ W ,

v = r�⇥rW ⌘ r⇥ [�rW ] , (30)

B = rA⇥rW ⌘ r⇥ [ArW ] , (31)

by which Ferraro’s condition (19) takes the form

(r�⇥rA) ·rW = 1, (32)

and the following can be evaluated

(r⇥ v)⇥ v =
n
r · [(rW ·r�)rW ]�r ·

h
|rW |

2
r�

io
r�+

n
r · [(rW ·r�)r�]�r ·

h
|r�|2rW

io
rW, (33)

(r⇥B)⇥B =
n
r · [(rW ·rA)rW ]�r ·

h
|rW |

2
rA

io
rA+

n
r · [(rW ·rA)rA]�r ·

h
|rA|2rW

io
rW, (34)

where we have used the vector identitiesr·(a⇥ b) ⌘ b·r⇥a�a·r⇥b andr⇥[rf(x)] ⌘ 0.

We may treat [�(x), A(x),W (x)] to be the curvilinear-coordinates of a point located

at Cartesian x = (x1, x2, x3) in 3D space. Then, Ferraro’s condition (32) has the simple
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geometric interpretation

d� dA dW ⌘ (r�⇥rA) ·rWdx1dx2dx3 = dx1dx2dx3, (35)

that the transformation (x1, x2, x3) ! (�, A,W ) is volume preserving. Taking the Bernoulli

pressure PB(x) ⌘ PB [�(x), A(x),W (x)], expressed in terms of the curvilinear coordinates

(�, A,W ), at each point in space, we have the gradient

rPB =
@PB

@�
r�+

@PB

@A
rA+

@PB

@W
rW. (36)

Resolving force balance equation (16) into components in the three directions of the inde-

pendent gradients [r�,rA,rW ], and summing the components in each of the directions to

zero, we obtain the following second-order nonlinear PDEs describing the steady-flow force

balance:

r · [(rW ·r�)rW ]�r ·

h
|rW |

2
r�

i
+

@

@�
PB (�, A,W ) = 0, (37)

r · [(rW ·rA)rW ]�r ·

h
|rW |

2
rA

i
+

@

@A
PB (�, A,W ) = 0, (38)

r · [(rW ·r�)r�]�r · [(rW ·rA)rA] +

r ·

h⇣
|rA|2 � |r�|2

⌘
rW

i
+

@

@W
PB (�, A,W ) = 0. (39)

Coupled to equation (32), we have a compete set of four PDEs to be solved for (�, A,W, PB)

describing a steady flow subject to the boundary conditions for internal TDs and the free-

boundary of an incompressible star. The Bernoulli pressure PB carries the fluid’s self-gravity

which is the only attractive force that holds the steady flow and field in the incompressible

star.

These highly nonlinear PDEs are new, not mathematically understood, and complicated

by the fact that Euler potentials and the flux surfaces they represent are generally not

definable globally in a 3D-varying fluid, a fundamental point to keep in mind in the study

of axisymmetric flows.

III. AXISYMMETRIC TSINGANOS STEADY-FLOWS

With @
@' ⌘ 0 in spherical coordinates (r, ✓,'), the solenoidal vectors v and B are each

the superposition of a poloidal field and a toroidal field,

v = vp + vt,
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= v0r�⇥r'+ v0 r'

=
v0

r sin ✓

 
1

r

@�

@✓
,�

@�

@r
, 

!

, (40)

B = Bp +Bt,

= B0rA⇥r'+B0Qr'

=
B0

r sin ✓

 
1

r

@A

@✓
,�

@A

@r
,Q

!

, (41)

where r' = '̂
r sin ✓ and (v0, B0) are normalization constants. The flow/field lines of a star are

respectively projected onto the r-✓ planes as closed contours of constant poloidal stream/flux

functions [�(r, ✓), A(r, ✓)]. In 3D space, the level surfaces of [�(r, ✓), A(r, ✓)] are nested

tubular surfaces on which the flow/field lines stream with toroidal '-displacements dictated

by v' = v0
 

r sin ✓ and B' = B0
Q

r sin ✓ .

A. The Tsingnos PDE

We re-derive the axisymmetric Tsinganos14 steady-flow PDE. The vorticity w = r⇥ v

and current density J = 4⇡
c r⇥B are both solenoidal, each also the sum of a poloidal and

toroidal part:

r⇥ v = v0r'⇥r � v0L�r'

=
v0

r sin ✓

 
1

r

@ 

@✓
,�

@ 

@r
,�L�

!

, (42)

r⇥B = B0r'⇥rQ� B0LAr'

=
B0

r sin ✓

 
1

r

@Q

@✓
,�

@Q

@r
,�LA

!

, (43)

L ⌘
@2

@r2
+

1� µ2

r2
@2

@µ2
; µ = cos ✓. (44)

A surface of constant-A, or constant-�, is the boundary of a toroidal tube of twisted flux, or

a channel of vortical fluid flow, respectively encircling the symmetry axis. The steady flow

equations (16) and (19) then give:

v20L�r�� v2ALArA+
1

2
r

⇣
v20 

2
� v2AQ

2
⌘
� r2 sin2 ✓⇢�1

rPB (45)

+

"

v20
1

r

@ ( ,�)

@ (r, ✓)
� v2A

1

r

@ (Q,A)

@ (r, ✓)

#

'̂ = 0,

"

 rA�Qr�+
1

r

@ (�, A)

@ (r, ✓)
'̂

#

+
c r2 sin2 ✓

v0vA
p
4⇡⇢0

rW = 0, (46)
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introducing the constant Alfvèn speed vA = B0p
4⇡⇢0

.

The gradients in equation (46) have no component in the '̂ direction, and it follows that

@ (�, A)

@ (r, ✓)
⌘

@�

@r

@A

@✓
�

@A

@r

@�

@✓
= 0 , �(r, ✓) = �[A(r, ✓)], (47)

requiring the constant-A flux surfaces and constant-� flow surfaces to coincide, describing

the aligned poloidal flow and field,

vp = v0
d�

dA
r'⇥rA, (48)

Bp = B0r'⇥rA. (49)

Equation (46) now reads
 

 �Q
d�(A)

dA

!

rA+
c r2 sin2 ✓

v0vA
p
4⇡⇢0

rW = 0, (50)

requiring that W (r, ✓) = W [A(r, ✓)] so that

Q
d�

dA
� =

c r2 sin2 ✓

v0vA
p
4⇡⇢0

dW (A)

dA
. (51)

Three sets of level surfaces coincide geometrically, namely, the constant-A flux surfaces,

constant-�(A) flow surfaces and constant-W (A) electrostatic potential surfaces, an expres-

sion of the Ferraro iso-rotational condition.

Force-balance equation (45) demands that the magnetic-tension and centrifugal forces

must sum to zero in the '-direction since gradients have no components in that direction.

Subject to �(r, ✓) = �[A(r, ✓)], the vanishing of the sum of the two forces in the ' direction

is expressed by a scalar function K(r, ✓) as follows,

v20
1

r

@ ( ,�)

@ (r, ✓)
� v2A

1

r

@ (Q,A)

@ (r, ✓)
= 0 )

@ (K,A)

@ (r, ✓)
= 0 ) K(r, ✓) = K [A(r, ✓)] , (52)

with K(A) given in terms of Q(r, ✓),  (r, ✓) and �(A):

v2AQ� v20 
d�

dA
= K [A(r, ✓)] . (53)

The '-components of the magnetic-tension and centrifugal forces, in general, are not zero

but must mutually balance, expressed by equation (53) with K(r, ✓), hereafter the '-force

integral, taking a constant value on each constant-A flux surface.

We may set v0 = vA with no loss of generality since the function �(r, ✓) = �[A(r, ✓)]

defines the relative strengths of the two poloidal vectorsBp and vp. Using this normalization,

14



each Tsinganos steady flow comprises the aligned poloidal pair [Bp,vp] and the toroidal pair

[Bt,vt], the latter given in terms of  and Q as the solutions of the linear algebraic equations

(51) and (53):

⇤(A) = K(A)
d�

dA
�

c r2 sin2 ✓
p
4⇡⇢0

dW (A)

dA
, (54)

⇤(A)Q = K(A)�
c r2 sin2 ✓
p
4⇡⇢0

d�

dA

dW (A)

dA
; (55)

⇤(A) = v2A

2

41�

 
d�

dA

!2
3

5 , (56)

each steady flow generated by prescribing the free functions �(A),W (A), K(A). The factor

⇤(A) is a measure of the di↵erence in energy density between the poloidal field and the

aligned poloidal velocity:

�E =
B2

p

8⇡
�

1

2
⇢0v

2
p

=
1

2
⇢0⇤(A)|r'⇥rA|2. (57)

Along the flux surfaces identified by ⇤(A) = 0, the poloidal part of the steady flow is

Alfvènic, meaning |vp| =
Bp|p
4⇡⇢0

. The poloidal flow changes from sub-Alfvènic [⇤(A) > 0]

to super-Alfvènic [⇤(A) < 0] across each critical ⇤(A) = 0 surface. Nonlinear Alfvèn waves

traveling along field lines behave di↵erently on the two sides of this critical surface. Magnetic

disturbances can pervade throughout a strictly sub-Alfvènic flow but would readily pile up

in a forward super-Alfvènic flow, an interesting unexplored property. The distinct behaviors

of the front of a packet of nonlinear Alfvèn waves, on the two sides of a ⇤(A) = 0 surface in

a steady flow suggest that this critical flux surface would readily become a magnetic TD.

With no loss of generality, redefine

K(A) = ⇤(A)S1(A), (58)
dW (A)

dA
= ⇤(A)S2(A), (59)

in terms of free functions S1(A) and S2(A), rewriting equations (54) and (55) as

 =
d�

dA
S1(A)�

c r2 sin2 ✓
p
4⇡⇢0

S2(A), (60)

Q = S1(A)�
c r2 sin2 ✓
p
4⇡⇢0

d�

dA
S2(A). (61)
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A straightforward algebra then gives the following tidy term

S(A,R) = v2A
⇣
Q2

� 2
⌘

= ⇤(A)

"

S2
1(A)�

c2R4

4⇡⇢0
S2
2(A)

#

, (62)

using the cylindrical coordinate R = r sin ✓. Force-balance equation (45) can then be rewrit-

ten as the vanishing of the sum of three gradients:
"

⇤(A)LA� v2A
d�

dA

d2�

dA2
|rA|2

#

rA+
1

2
rS(A,R) +R2

rPB = 0, (63)

with �(r, ✓) = �[A(r, ✓)].

Resolving these three gradients into components in the two independent directions of rA

and rR, equation (63) takes the form:
"

⇤(A)LA� v2A
d�

dA

d2�

dA2
|rA|2 +

1

2

@

@A
S(A,R) +R2 @

@A
PB(A,R)

#

rA

+

"
1

2

@

@R
S(A,R) +R2 @

@R
PB(A,R)

#

rR = 0, (64)

expressing PB(r, ✓) ⌘ PB(A,R) by a change of argument variables. The coe�cients of the

two independent gradients in equation (64) must vanish everywhere, giving

⇤(A)LA� v2A
d�

dA

d2�

dA2
|rA|2 +

1

2

d

dA

h
⇤(A)S2

1(A)
i
�

1

2

c2R4

4⇡⇢0

d

dA

h
⇤(A)S2

2(A)
i

+R2 @

@A
PB(A,R) = 0, (65)

2
c2R

4⇡⇢0
⇤(A)S2

2(A)�
@

@R
PB(A,R) = 0, (66)

where we have inserted S(A,R) given by equation (62). Integration of Equation (66) with

respect to R (holding A constant) yields the Bernoulli pressure

PB(A,R) = P0(A) +
c2

4⇡⇢0
R2⇤(A)S2

2(A), (67)

where the free generating function P0(A) arises as a ”constant of integration”. Substituting

for PB(A,R) in Equation (65) then gives the single Tsinganos, second-order elliptic PDE

for A:

⇤(A)LA� v2A
d�

dA

d2�

dA2
|rA|2 +

1

2

d

dA

h
⇤(A)S2

1(A)
i
+

c2

8⇡⇢0
R4 d

dA

h
⇤(A)S2

2(A)
i

+ R2 d

dA
P0(A) = 0, (68)
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subject to boundary conditions appropriate for a steady star. The Tsinganos PDE is defined

by a prescribed set of free functions, [�(A), S1(A), S2(A), P0(A)], hereafter the PDF free

functions. The flow v, field B and fluid pressure p are given in terms of solution A, with p

related to Bernoulli pressure PB by equation (8).

Consider a field of a fixed topology T embedded in a star of total mass M0 and uniform

density ⇢0 that fix the stellar volume V0 = M0/⇢. The properties [T ,M0, ⇢0] define a

physically specific fluid, these properties unchanged in whatever physical state this fluid finds

itself with V0 taking a particular shape for its free boundary @V . The incidental, steady

stellar-flow satisfying PDE (68) for this physically specific fluid is a formidable problem

beyond the scope of the study. The PDE free functions [�(A), S1(A), S2(A), P0(A)] as well

as the shape of @V are properties of the desired steady flow that cannot be prescribed a

priori for they must be treated as mathematical unknowns, to be solved with a solution

of PDE (68) that recovers the given [T ,M0, ⇢0]. In fact, the constraints imposed by a

given physical fluid is far more stringent. The frozen-in condition dictates a specific mass

conserved between any two flux surfaces, described by a continuum of integral equations that

are coupled to PDE (68), to be solved simultaneously for A, [�(A), S1(A), S2(A), P0(A)] and

the shape of @V .

Modest progress can be made by constructing tractable solutions of the Tsinganos PDE

for a given fluid domain V , defined by a prescription of (i) the shape of @V and (ii) the free

functions [�(A), S1(A), S2(A), P0(A)] that render the Tsinganos PDE linear and solvable by

standard mathematical methods. The domain V is defined with a prescribed shape, but @V

must be stress-free under conditions (21) to relate the steady flow to the exterior vacuum.

Generally, these stress-free conditions are stringent so that the solution to the free-boundary

problem may not mathematically exist for each PDE rendered specific by a prescription of its

free functions, a fundamental nonlinear mathematical property. With each proper solution

to the free-boundary problem found, it defines a physically specific stellar steady flow with

its invariant field topology. We proceed to construct such steady flows, beginning with the

simplest case of a spherical star of a given radius r0, the stress-free boundary @V incidentally

taking a spherical shape.
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B. A family of steady cross-field flows

To render Tsinganos PDE (68) linear, we prescribe the poloidal stream-function

�(A) = �0A, (69)

describing the poloidal alignment of vp and Bp with �0 a given constant. By the normaliza-

tion in use, v0 = vA = B0 (4⇡⇢0)
�1/2,

vp =
�0

(4⇡⇢0)
1/2

Bp, (70)

with the factor ⇤(A) = �0 being a constant in equations (56):

�0 = v2A
⇣
1� �2

0

⌘
. (71)

Relative to the poloidal Alfvèn speed vA, the poloidal flow vp is everywhere sub-Alfvènic

if �0 > 0, �2
0 < 1 and super-Alfvènic if �0 < 0, �2

0 > 1; see equation (57), parametrically

separated by the special case �0 = 0, �2
0 = 1 .

Assuming �0 6= 0, �2
0 6= 1, we next prescribe the other generating functions, the '- force

integral K(A), electrostatic potential W (A), and Bernoulli-pressure profile P0(A):

K(A) ⌘ ⇤(A)S1(A) = �0s1A, (72)

W (A) = �0

✓
8⇡⇢0
c2

◆1/2 2

3
s2A|A|

1/2, (73)

P0(A) = p0 + �0p1A, (74)

where s1, s2, p0, p1 are positive constants. The electrostatic potential W (A) is a continuous,

monotonically increasing, odd function of A with the following properties:

dW (A)

dA
⌘ ⇤(A)S2(A) = �0

✓
8⇡⇢0
c2

◆1/2

s2|A|
1/2, (75)

d2W

dA2
= �0H(A)

✓
8⇡⇢0
c2

◆1/2 1

2
s2|A|

�1/2, (76)

d

dA

 
dW

dA

!2

= H(A)
✓
8⇡⇢0
c2

◆
s22, (77)

H(A) = ±1 if A > 0 or A < 0, respectively. (78)

The first derivative of W (A) is a continuous even function of A, vanishing at A = 0 and

positive elsewhere whereas the second derivative is an odd function of A, discontinuous and

unbounded at A = 0, where H(A) is the Heaviside function.
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Substituting S1(A) = s1A and S2(A) =
⇣
8⇡⇢0
c2

⌘1/2
s2|A|1/2, equations (60) and (61) defin-

ing v' = r sin ✓  and B' = r sin ✓ Q give

 = �0s1A� r2 sin2 ✓s2
q
2|A|, (79)

Q = s1A� �0r
2 sin2 ✓s2

q
2|A|, (80)

and PDE (68) gives the governing PDE for A:

�0

h
LA+ s21A+H(A)s22r

4 sin4 ✓ + p1r
2 sin2 ✓

i
= 0, (81)

accounting for the discontinuity of d2W
dA2 across A = 0 described by equations (75)-(77).

Factoring away �0 6= 0, an assumption, the governing PDE of A is then

LA+ s21A+H(A)s22r
4 sin4 ✓ + p1r

2 sin2 ✓ = 0. (82)

The constants p0 and p1 define the Bernoulli pressure given by equations (67) and (74):

PB(A,R) = p0 + �0

⇣
p1 + 2�0s

2
2R

2
⌘
A, (83)

in terms of which the fluid pressure p is given by equation (8).

Although the two branches of PDE (82) are linear in A, they pose a nonlinear, global

free-boundary problem that requires solving the two branch-PDEs simultaneously. Which

PDE to apply depends on where in the stellar volume V the mathematically unknown

global solution A takes one of the two algebraic signs. This nonlinear problem is formidably

beyond the analytical reach of the study but understanding its mathematical structure in

broad terms is conceptually important. If the global solution A takes opposite algebraic

signs in V , the solution field is composed of multiple flux-systems, each bounded by a stress-

free flux-surfaces A = 0 and described by A of a particular sign governed by the relevant

branch PDE ascribed by the Heaviside function H(A). In general terms, each flux system

is governed by Tsinganos PDEs (65) and (66) defined by a prescription of the free functions

[�(A), S1(A), S2(A), P0(A)], with all the inter-system interior boundaries A = 0 as well as

the A = 0 stellar boundary @V subject to the stress-free conditions. Thus, the formidable

problem is to construct a juxtaposition of steady-flow flux systems that are contiguous

across stress-free flux-surfaces A = 0. We limit our study to an instructive simpler problem,

tentatively solving PDE (82) for A in a stellar volume V with a given spherical shape of the

stress-free boundary @V .
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C. Tsinganos-Ferraro cross-field steady flows

To avoid the complication of the shape of @V being a mathematical unknown, let us solve

PDE (82) for a family of steady cross-field flows, hereafter the Tsinganos-Ferraro (TsF) flows,

in the case of a star that is incidentally spherical with radius r0 with no field extending into

the r > r0 vacuum. The stress-free boundary conditions (21) give

r = 0, A = 0; r = r0, A =
@A

@r
= 0, (84)

identifying @V as a spherically-shaped flux-surface A = 0 that is stress-free by virtue of the

normal derivative of A vanishing on @V . PDE (82) may be rewritten as

LA+ s21A�
1

5
s22r

4
P3(µ) +

⇢
4

5
s22r

4 + p1r
2
�
P1(µ) = 0, (85)

P1(µ) =
⇣
1� µ2

⌘1/2
P 1
1 (µ) =

⇣
1� µ2

⌘
, (86)

P3(µ) =
⇣
1� µ2

⌘1/2
P 1
3 (µ) =

⇣
1� µ2

⌘ ⇣
5µ2

� 1
⌘
, (87)

in terms of the n = 1 and n = 3 associated Legendre functions P 1
n(µ), µ = cos ✓. The

functions P1(µ) and P3(µ) being orthogonal over the interval �1 < µ < 1, solution A may

be expressed as a linear superposition

A = A1 + A3

⌘ F1(⇣)P1(µ) + F3(⇣)P3(µ), (88)

in terms of the variables

⇣ = s1r, ⇣0 = s1r0. (89)

PDE (85) thus decomposes into the two inhomogeneous linear ordinary di↵erential equations

(ODEs):

d2F1

d⇣2
+

 

1�
2

⇣2

!

F1 +
4s22
5s61

⇣4 +
p1
s21
⇣2 = 0, (90)

d2F3

d⇣2
+

 

1�
12

⇣2

!

F3 �
s22
5s61

⇣4 = 0, (91)

subject to the three sets of homogeneous boundary-conditions:

at ⇣ = 0, F1 = F3 = 0, (92)

at ⇣ = ⇣0, F1 = F3 = 0, (93)

at ⇣ = ⇣0,
dF1

d⇣
=

dF3

d⇣
= 0, (94)
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under stress-free conditions (84).

Consider the homogeneous ODEs

d2fn
d⇣2

+

 

1�
n(n+ 1)

⇣2

!

fn = 0, (95)

n = 1, 2, 3, ..., with a pair of independent solutions f±n = ⇣j±n(⇣), expressed in terms of

spherical Bessel functions. ODEs (90) and (91) have the general solutions

F1(⇣) = a�1⇣j�1(⇣) + a1⇣j1(⇣)�
4

5

s22
s61
⇣4 +

"

8
s22
s61

�
p1
s21

#

⇣2

F3(⇣) = a�3⇣j�3(⇣) + a3⇣j3(⇣) +
1

5

s22
s61
⇣4, (96)

where a±1 and a±3 are constant amplitudes. We set a�1 = a�3 = 0 under boundary con-

ditions (92). The remaining 5 free constants a1, a3, s1, s2, p1 are available for meeting the

other 2 pairs of boundary conditions (93) and (94), which determine

a1j2(⇣0) = �
8

5

s22
s61
⇣20 , (97)

a3 = �
1

5

s22
s61

⇣30
j3(⇣0)

, (98)

p1 =
4

5

s22
s41

"

10� ⇣20 � 2⇣0
j1(⇣0)

j2(⇣0)

#

, (99)

giving the solutions and their first derivatives:

F1(⇣) =
4

5

s22
s61

"

⇣2(⇣20 � ⇣2) + 2⇣0⇣
⇣j1(⇣0)� ⇣0j1(⇣)

j2(⇣0)

#

, (100)

dF1(⇣)

d⇣
=

4

5

s22
s61

"

2⇣20⇣ � 4⇣3 + 2⇣0
2⇣j1(⇣0)� 2⇣0j1(⇣) + ⇣0⇣j2(⇣)

j2(⇣0)

#

, (101)

F3(⇣) = �
1

5

s22
s61

"

⇣30⇣
j3(⇣)

j3(⇣0)
� ⇣4

#

, (102)

dF3(⇣)

d⇣
= �

1

5

s22
s61

"

4⇣30
j3(⇣)

j3(⇣0)
� 4⇣3 � j4(⇣)

#

. (103)

Under boundary conditions (94), equation (103) imposes the condition

at ⇣ = ⇣0,
dF3

d⇣
=

1

5

s22
s61
j4(⇣0) = 0. (104)

Given radius r0, the free parameter s1 defining ⇣0 = s1r0 cannot be arbitrarily prescribed.

Nevertheless, there are infinitely many solutions to the boundary-value problem, generated

by the eigenvalue equation

j4(⇣4,m) = 0, m = 1, 2, 3, ..., (105)
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defining ⇣0 = s1r0 = ⇣4,m as the eigenvalue for eigenfunction A = A(m)(r, ✓) given by equation

(88):

A1 = A(m)
1 (r, ✓)

=
s22
s61

4

5

"

2⇣24,m⇣ � 4⇣3 + 2⇣4,m
2⇣j1(⇣4,m)� 2⇣4,mj1(⇣) + ⇣4,m⇣j2(⇣)

j2(⇣4,m)

#

sin2 ✓,(106)

A3 = A(m)
3 (r, ✓)

= �
s22
s61

1

5

"

⇣4 � ⇣34,m⇣
j3(⇣)

j3(⇣4,m)

#

sin2 ✓
⇣
4� 5 sin2 ✓

⌘
, (107)

A(m)(r, ✓) = A(m)
1 (r, ✓) + A(m)

3 (r, ✓). (108)

Each eigenfunction A = Am(r, ✓) describes a poloidal field Bp in a TsF flow by the normal-

ization B0 = s22
s61
, which defines a reference poloidal Alfvèn speed vA = B0 (4⇡⇢0)

�1/2. The

parameter s1 is defined by the eigenvalue ⇣0 = s1r0 = ⇣4,m so that prescribing the amplitude

B0 of the Bp fixes the parameter s2. The poloidal velocity vp = �0p
4⇡⇢0

Bp ; see equation

(70), is then fixed by the single the free parameter �2
0 6= 1, with �0 = v2A(1 � �2

0) 6= 0. To

complete the description of the TsF (v,B)-flow, the parameters (s2, �0) define the azimuthal

components given by  = r sin ✓v' and Q == r sin ✓B' where

 = �0s1A
(m)

� r2 sin2 ✓s2
q
2|A(m)|, (109)

Q = s1A
(m)

� �0r
2 sin2 ✓s2

q
2|A(m)|; (110)

see equations (79) and (80).

Respectively displayed in Figs. 1 and 2 are the physical flux-functions A = A(m)(r, ✓) for

the first (m = 1) and second (m = 2) eigenvalues ⇣4,1 = 8.1826 and ⇣4,2 = 11.7049. Shown

in each figure are the pair of component flux-functions, A1 = A(m)
1 (r, ✓) and A3 = A(m)

3 (r, ✓)

whose linear superposition gives A = A(m)(r, ✓), the solid and dot contours respectively

denoting positive and negative values. These contours describe closed poloidal field-lines

circulating clockwise and anti-clockwise for positive and negative flux function, respectively.

In Fig. 1, the poloidal field A = A(m=1)(r, ✓) comprises two nests of closed field lines, an

A < 0 outer single-nest sandwiched between the boundary r = r0 and an A > 0 inner

double-nest. In Fig. 2, the poloidal field A = A(m=2)(r, ✓) has three nests of closed field

lines, an A > 0 triple-nest sandwiched between an A < 0 outer single-nest and an A < 0

inner double-nest. Each flux function A = A(m)(r, ✓) by its interior flux surfaces A = 0

partitions the stellar volume V into partial volumes V± where A > 0 or A < 0, respectively,

hereafter referred to as the positive and negative sub-volumes.
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(c) 

FIG. 1. Contour plots of component flux-functions (a) A(m=1)
1 (r, ✓), (b) A(m=1)

3 (r, ✓) and their

superposition giving the physical poloidal flux function (c) A = A(m=1)(r, ✓), generated by the

first eigenvalue s1r0 = ⇣0 = ⇣4,(m=1) = 8.1826, employing cylindrical coordinates (R, z) ⌘

(r sin ✓, r cos ✓) and setting r0 = 1. All three flux functions and their radial derivatives vanish

at the stress-free boundary @V : r = r0. Solid (dot) contours indicate positive (negative) flux-

functions. The closed contours of A in (c) are the field lines of poloidal Bp of constant amplitude

B0 in the m = 1 TsF flow, circulating clockwise or anti-clockwise for positive or negative A, re-

spectively. The poloidal vp in the TsF flow is aligned with Bp with proportionality �0, described

in the text. In 3D space, the closed A-contours sweep out the toroidal surfaces of axisymmetric

flux-tubes, the flux function A, stream function �(A) and the electric potential W (A)) taking con-

stant values on each flux-tube surface. Described in the text, most of the mutually-crossing field

and flow lines on each constant-A flux-tube surface are infinitely long, winding endlessly around

the flux-tube axis and around the axis of symmetry with the azimuthal components B' 6= v' given

by equations (125) and (126).

We pause to address the complication that the flux functions A = A(m)(r, ✓) is not a

complete global solution because it is strictly calculated from the A > 0 branch of PDE

(82). For a global free-boundary problem, the solution A = A(m)(r, ✓) would apply in the

V(+) sub-volumes, leaving the V(�) sub-volumes to be occupied by suitably defined steady-
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FIG. 2. Contour plots of component flux-functions (a) A(m=2)
1 (r, ✓), (b) A(m=2)

3 (r, ✓) and their

superposition giving the poloidal flux function (c) A = A(m=2)(r, ✓), generated by the second eigen-

value s1r0 = ⇣0 = ⇣4,(m=2) = 11.7049, employing cylindrical coordinates (R, z) ⌘ (r sin ✓, r cos ✓)

and setting r0 = 1; presented in the same format and description as in Fig. 1.

flows that may be either of the cross-field or field-aligned kind.

We have tentatively proceeded by solving PDE (85) over the entire stellar volume V . Had

the global solution thus obtained turned out to be positive everywhere in V , there would be

no issue then. But, this is not the case, so that the steady solutions A = A(m)(r, ✓) in the V(�)

sub-volumes must be rejected and replaced with suitably constructed steady-flow solutions.

Inserting steady-flow solutions of the A < 0 branch of PDE (82) that geometrically fill the

V(�) sub-volumes is possible but the stress-free condition is unlikely to be satisfied at the

A = 0 boundary separating the V⌥ sub-volumes. Accepting that simultaneously solving the

two branches of PDE (82) is not tractable, we limit the purpose of the study to investigate

the A = A(m)(r, ✓) solution in the V(+), taking the V(�) sub-volumes to conceptually represent

an (unspecified) complementary parts of a global flow.

Gravity provides the sole means of stellar confinement against breakup, both the field and

flow being globally expansive. Integrating Newton’s equation (5) gives the the gravitational
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potential of the spherical star

U(r) = �
GM0

r0
+

1

2

GM0

r30

⇣
r2 � r20

⌘
in r  r0,

= �
GM0

r
in r > r0. (111)

The Bernoulli pressure PB defined by equations (8), (67) and (75) gives the pressure:

p = ⇢0

⇢
p0 + �0

⇣
p1 + 2s22R

2
⌘
A� U(r)�

1

2
v2
�
, r  r0, (112)

the parameter p1 given by equation (99). In Tsinganos PDE (82), the parameter p1 cannot

be freely prescribed to define this PDE, its value to be fixed by the solution A of the free-

boundary problem, underpinning the nonlinear inter-dependence between the variables and

free-boundary conditions.

Imposing the vacuum condition p = 0 at r = r0, where A = 0, v = 0, and U(r0) = �
GM0
r0

,

the constant parameter is fixed,

p0 = �
GM0

r0
, (113)

to express the pressure as

p+
1

2
⇢0v

2 = ⇢0

(
1

2

GM0

r30

⇣
r20 � r2

⌘
+ �0

⇣
p1 + 2s22R

2
⌘
A

)

, r  r0. (114)

In the absence of flow and field, we have the spherically-symmetric hydrostatic pressure

p =
1

2

GM0⇢0
r30

⇣
r20 � r2

⌘
, r  r0, (115)

that monotonically and radially decreases from a maximum at r = 0 to zero at r = r0,

its outward force supporting the self-gravitational weight of the fluid. In the presence of a

TsF flow, the star is held together by self-gravity with its otherwise spherically symmetric

pressure locally reduced so as to wholly confine the stellar flow/field, expressed by equation

(114). The pressure p cannot be negative. Therefore, equation (114) sets calculable bounds,

not needed in our discussion here, on the flow and field to meet the condition p � 0 in r < r0

for a given r0 and total mass M0 = 4
3⇢0r

3
0. Clearly, these bounds are met for su�ciently

weak flows and fields.

Several points are noteworthy, relating the particular properties encountered in the TsF

steady flows to general free-boundary problems. The spherical shape of the TsF star is

incidental, postulated to simplify the mathematical problem. When perturbed, the free-

boundary @V is readily deformed out of its incidental spherical shape. The spherical TsF
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construction is readily generalized to other prescribed stellar shapes, e.g., oblate and prolate

spheroidal shapes.

Subject to the juxtaposition of TsF cross-field flows in V(+) with a suitable constructed

steady-flow in the sub-volume V(�), the global steady flow so constructed has a specific

invariant field-topology T . Perturbing such a steady star out of its incidentally-spherical

boundary shape under the frozen-in condition, does not change the topology T .

D. The TsF m = 1 cross-field flows

Four TsF flows described by the m = 1 eigenfunction A = A(m=1)(r, ✓) with eigenvalue

s1r0 = ⇣4,1 = 8.1826, are presented in Figs. 3 and 4 in terms of the contours of azimuthal

components  = r sin ✓v' and Q = r sin ✓B' for parameter �0 = ⌥0.5,⌥1.5. The properties

are plotted for the entire mathematical solution A(m=1)(r, ✓), with the two sub-volumes V(±)

separated by the poloidal field-line A(m=1)(r, ✓) = 0. We keep in mind that the eigenfunction

describes a physical TsF steady flow in V(+) where A(m=1)(r, ✓) > 0. Whereas, the solution

A(m=1)(r, ✓) < 0 in V(�) is a nominal representation of a steady flow, intractable to construct

as explained in the text. We henceforth focus attention on the physical flow in the sub-

volume V(+).

In Figs. 3 and 4, a pair of (thick) constant-contours of A = A(m=1)(r, ✓) are inserted in

sub-volume V(+), indicated by arrows, to aid visualizing the variations of Q and  along

a constant-A poloidal field line. The poloidal Bp and vp are respectively parallel or anti-

parallel for positive and negative �0, but B and v are not aligned, with unequal azimuthal

components, i.e., B' 6= v'.

For �0 < 0, (B', v') are each uniformly of the same algebraic sign in V(+). In this

case, each of the 3D field and flow lines of B and v winds around the axis of symmetry

progressively without turning back. For �0 > 0, (B', v') are each not uniformly of the same

algebraic sign in V(+). In this case, each of the the 3D field and flow lines of B and v winds

progressively around the axis of symmetry, say, froward in the '-direction, only to reverse

direction and then to reverse direction again to continue on in the forward '-direction.

For �2
0 < 1,�0 = vA (1� �2

0) > 0, the flow is sub-Alfvènic, whereas for �2
0 > 1,�0 =

vA (1� �2
0) < 0, the flow is super-Alfvènic. In spite of their similar flow and field morpholo-

gies, the sub-Alfvènic and super-Alfvènic TsF flows respond to perturbations di↵erently.
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FIG. 3. Contour-plots of Q = r sin ✓B' and  = r sin ✓v' in the first-eigenvalue ⇣0 = ⇣4,(m=1) =

8.1826 steady-flows located in the V(+) sub-volume where A(m=1)(r, ✓) > 0, defined by �0 = ⌥0.5

that respectively set vp anti-parallel and parallel with Bp. Solid and dot contours respectively

indicate azimuthal components pointing in positive and negative '-directions, the (Q, ) contours

to be viewed as profiles along the individual poloidal constant-A field-lines of Bp displayed in Fig.1

(c). The pair of arrows indicate two selected constant-A field lines, as thick contours, inserted

in each of the four subfigures to provide a visual reference for the variations of Q and  along a

constant-A field line. The �0 = ⌥0.5 flows shown are sub-Alfvènic, with �0 = v2A(1� �20) > 0. As

explained in the text, the mathematical solution A(m=1)(r, ✓) describes a physical TsF cross-field

steady flow in sub-volume V(+) whereas the mathematical solution A(m=1)(r, ✓) < 0 in sub-volume

V(�) is a nominal representation of a flow required for balancing the forces between the two sub-

volumes.

In a sub-Alfvènic flow, Alfvèn waves can overtake the fluid flow to spread a perturbation

to magnetically connected parts of the fluid. In a super-Alfvènic flow, the Alfvèn waves

cannot overtake a fluid flow. In the full freedom of 3D space, Alfvèn waves can accumu-

late nonlinearly to trap extreme field-line deformations in fluid parcels resulting in TDs as

hyperbolic characteristics merge or cross to form mathematical singularities. In both cases

of sub-Alfvènic or super-sub-Alfvènic TsF flows, the perturbed field can naturally break

across @V to extend into the exterior vacuum. We remind ourselves that the unperturbed

steady magnetic field being wholly contained in the fluid is an assumption made to keep the

steady-flow problem simple.
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FIG. 4. Contour-plots of Q = r sin ✓B' and  = r sin ✓v' in the first-eigenvalue ⇣0 = ⇣4,(m=1) =

8.1826 steady-flows located in the V(+) sub-volume where A(m=1)(r, ✓) > 0, defined by �0 = ⌥1.5

that respectively set vp anti-parallel and parallel with Bp.; displayed in the same format as in Fig.

3. Both flows are super-Alfvènic, with �0 = v2A(1� �20) < 0.

E. Mutually-intersecting ergodic flow and field lines

The field/flow lines of the axisymmetric TsF steady flows are almost all of infinite lengths.

Each of the mutually-crossing field and flow lines on a flux-surface A = A⇤, a constant, winds

around the axis of their toroidal flux-surface and encircles the symmetry axis. There are two

topological possibilities, either a field or flow line has a finite length and returns to a starting

point on the flux surface A = A⇤, or else the line is endless and ergodic, going around the

symmetry axis and never returning to any starting point, whatever the number of turns of

the line around the axis of the toroidal flux surface.

Field-line ODEs (24) describe the '(`)-displacement of a point along a field line on surface

A = A⇤ as a function of path length ` defined by d`2 = dr2 + r2d✓2 + r2 sin2 ✓d'2, giving

'(`) =
1

2⇡

Z `

0

"
B'

|B|

#

A=A⇤

d`

r sin ✓

=
1

2⇡

Z `

0

2

4 Q
q
|rA|2 +Q2

3

5

A=A⇤

d`

r sin ✓
, (116)

starting from a point on surface A = A⇤ designated to be ` = 0 located at an arbitrarily

chosen '-plane designated as ' = 0, and measuring '(`) in unit of 2⇡-radian angular

displacement. Suppose the field line is closed with a finite total length `0 < 1, then the

28



line is characterized by the following two path lengths. The path length `1 takes field line

once around the symmetry axis,

1

2⇡

Z `1

0

2

4 Q
q
|rA|2 +Q2

3

5

A=A⇤

d`

r sin ✓
= 1. (117)

The path length `2 takes the field line once around the toroidal axis of surface A = A⇤,

e↵ecting a '-displacement,

�'(`2) =
1

2⇡

Z `2

0

2

4 Q
q
|rA|2 +Q2

3

5

A=A⇤

d`

r sin ✓
. (118)

For the finite-length field line to return to any chosen starting point on flux surface A = A⇤,

the path length `0 must account for an integer N1 full-turns around the symmetry axis and

integer N2 full-turns around the toroidal axis of the flux surface. That is, `0 = N1`1 = N2`2

which implies that the aspect ratio < = `1
`2

= N2
N1

must be a rational fraction, a global

property generally not met for a given field B. Close field-lines do exist but only in isolated

flux surface A = A⇤ of a given field with ergodic endless field-lines on the infinitesimally

adjacent flux surfaces.

The field lines of an axisymmetric field are global geometric objects, each individual field

line not necessarily axisymmetric. A closed field line with a rational aspect ratio < > 1

is obviously not axisymmetric, going around the symmetry axis with more than one turn

around the toroidal axis. Each of the continuum of single ergodic field lines densely fills up

an entire flux surface, without returning to any starting point however many times it goes

around the symmetry axis. The field B(r, ✓) is axisymmetric by virtue of each field line

possessing a field distributed along its entire length such that B is globally independent of

spatial coordinate '.

Two topological notes, the first is the geometric fact that a line is locally always the

intersection between two surfaces. For field lines, this geometric relation generally is true

only as a local property, the basis for the local field representation (25) in terms of Euler

potentials. The TsF flow by it axis-symmetry has only one set of global flux surfaces defined

by A(r, ✓). Every field line, including the ergodic field lines, is nevertheless an intersection

between one of these global flux surfaces and a locally-defined distinct family of flux surfaces.

The latter local family of flux surfaces cannot be global in the case of an ergodic field line,

since all these surfaces would then intersect along a single, endless ergodic line filling the

constant-A(r, ✓) flux surface27.
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The other note is that a TD forming in a perturbed TsF steady flow would, by resistive

dissipation and field reconnection, owing to a weak resistivity, create reconnected 3D field-

lines that are ergodic in sub-volumes of space. The flux surfaces of constant A in the

unperturbed TsF steady flow would cease to be global by the reconnections. A single,

volumetrically-ergodic field line so created would densely fill a sub-volume of space, the

single line along its infinite length getting as infinitesimally close as desired to any point in

the sub-volume28.

A similar construction applying ODEs (24) to the incompressible flow gives '(`) describ-

ing a solenoidal flow-line lying on the A = A⇤ flux-surface,

'(`,v) = '0 +
1

2⇡

Z `

0

2

4  
q
�2
0 |rA|2 + 2

3

5

A=A⇤

d`

r sin ✓
, (119)

identifying ` = 0 as the starting-point of the subject flow-line located on the flux surface

A = A⇤ and subtituting �(A) = �0A. The flow lines are generally a single, ergodic, infinitely-

long flow-line filling up the entire flux surface A = A⇤. Thus, the flux surface A = A⇤ is

filled densely by a pair of infinitely-long, single, ergodic, field and flow lines that mutually

intersect, steadily inducing an electric potential field E. On the surface A = A⇤, three

functions, the flux-function A, flow-function � = �0A and electric-potential W / A|A|1/2

given by equation (73), take constant values.

Important to point out, the steady spatial distribution of B is stationary but the fluid is

not static. The field at each point in space at any given time is being bodily carried by a

fluid element located at the point in motion along its steady flow path. The steady velocity

v crossing the local field B induces a dynamo electric-field E that regenerates the field in

the moving fluid element. Under the frozen-in condition, the dynamo action takes the form

of the flux being conserved as seen by the moving fluid-element. Relative to the moving

fluid-element, its field is changing with time along its flow path, the change dictated by its

unchanging frozen-in flux. In a steady cross-field flow, the field B is stationary in space

because its global spatial distribution is consistent with the active Lagrangian transport

of magnetic flux by every fluid element in the steady flow, the physical essence of steady

dynamo action.

In this Subsection, we have concentrated on the m = 1 eigenfunction TsF flows, as a

su�cient first-principles illustration of similar constructions with the m > 1 eigenfunctions.

To complete our analysis of the TsF m = 1 cross-field flows, Fig. 5 displays the TsF flow-
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FIG. 5. Contour-plots of Q = r sin ✓B' of the field-aligned Chandrasekhar equipartition steady-

flows described by eigenfunction A(m=1)(r, ✓) with ⇣0 = ⇣4,(m=1) = 8.1826, �0 = ±1.0, �0 = 0, and

v = Bp
4⇡⇢0

. The mathematical solution A(m=1)(r, ✓) is everywhere physically meaningful, positive

and negative respectively in the V(±) sub-volumes.

solutions in the two limit cases of �0 = ⌥1, each an Alfvènic, Chandrasekhar equipartition

flows, with v = ⌥
Bp
4⇡⇢ in full alignment between v and B. Setting �0 = ⌥1 implies

that the azimuthal components of both flow and field are aligned, by equations (125) and

(126). The two Chandrasekhar solutions satisfy Tsinganos PDE (81) on two counts, by

�0 = VA (1� �2
0) = 0 and by A satisfying PDE (82). Strictly, the prescription �2

0 = 1 alone

ensures that the steady-flow equations are satisfied, giving a Chandrasekhar equipartition

flows. Whereas A being a solution of PDE (82) is incidental, the two flows picked out by the

PDE from the continuum of Chandrasekhar flows with freely prescribeable field geometries.

These two flows displayed in Fig. 5 are physically well defined for both V⌥ sub-volumes.

F. Sub-Alfvènic and super-Alfvènic Tsinganos-Prendergast field-aligned flows

Setting s2 = 0 for E = 0 in Tsinganos PDE (82),

LA+ s21A+ p1r
2 sin2 ✓ = 0, (120)
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we obtain the solutions

A(r, ✓) = a1

"

⇣j1(⇣)�
⇣2j1(⇣0)

⇣0

#

sin2 ✓, ⇣ < ⇣0 = s1r0, (121)

under the three stress-free boundary conditions (84), that describe the Tsinganos-Prendergast14

field-aligned steady flows. The solution is expressed in terms of the variables ⇣ = s1r, where

a1 is an arbitrary constant amplitude and the parameter ⇣0 = s1r0 = ⇣2,m must satisfy the

Prendergast20 eigenvalue equation

j2(⇣2,m) = 0, m = 1, 2, 3, ..., (122)

with ⇣2,m=1 = 5.7635, ⇣2,m=2 = 9.0950, citing the first 2 eigenvalues. For each eigenvalue

⇣0 = ⇣2,m,

p1 = s21a1
j1(⇣2,m)

⇣2,m
, (123)

which defines the Bernoulli pressure and the fluid pressure given by

p+
1

2
v2 = ⇢0

(
1

2

GM0

r30

⇣
r20 � r2

⌘
+ �0p1A

)

, r  r0, (124)

obtained from equation (114) with s2 = 0.

These solutions describe the continuum of Tsinganos-Prendergast14,20 (TsP) stars with

field-aligned flows. Setting B0 = a1 fixes the amplitude of the poloidal field Bp. Then,

setting v0 = vA = B0 (4⇡⇢0)
�1/2 to fix the normalization constants, the poloidal flow vp and

field Bp are aligned, given by equations (70) and (71), with �0 = v2A (1� �2
0). The constant

�0 then determines the poloidal flow and field, as well as the azimuthal components

 = �0s1A, (125)

Q = s1A, (126)

given by equations (79) and (80), that is, v' = �0B', and it follows v = �0B. The flow is

everywhere sub-Alfvènic if �0 > 0, �2
0 < 1 and everywhere super-Alfvènic if �0 < 0, �2

0 > 1.

The case �0 = 1 gives an Alfvènic Chandrasekhar equipartition flow.

Figs. 6 displays the solutions A(r, ✓) describing the TsP stars identified by the first two

eigenvalues ⇣2,m=1 = 5.7635, ⇣2,m=2 = 9.0950.
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FIG. 6. Two axisymmetric Tsinganos-Prendergast stellar flows of radius r0 = 1.0 abutting

vacuum, represented by the closed contours of their respective flux-function A(r, ✓) in cylindrical

coordinates (R, z) = (r, ✓), for the first two eigenvalues (a) ⇣2,m=1 = 5.7635, on the left, and (b)

⇣2,m=2 = 9.0950, on the right, in the same format as in Fig. 1. In each flow, the electric field E = 0,

the velocity v and field B being uniformly aligned, both vanishing at the free-boundary r = r0.

On the constant-A flux surfaces in 3D space, the coincident field and flow lines are generally

ergodic. These flux surfaces sweep out nested toroidal volumes of vortical flows aligned with their

twisted fields. The two TsP flows respectively contain a single equator-centered flux-rope, on the

left, and two equator-centered flux-ropes, on the right.

IV. RELATING IDEAL AND NEAR-IDEAL FLUIDS

The steady free-boundary flows in an ideal incompressible star is a complete physical

system in its simplicity of having the nonlinear Alfvèn waves as its only magnetic wave

phenomenon. The TDs in v and B define the ideal fluid physically, how and where TDs

form being its fundamental property. The general first-principles treatment in Section II

underlies the axisymmetric steady-flow solutions constructed in Section III. Here we present

several perspectives that clarify the relationship between ideal fluids and the near-ideal fluids

of astrophysics, thinking physically when nonlinear intractability stands in the way. Central
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to the narrative is the question how steady flows may physically arise, those in a rigorously

ideal fluid quite distinct from those in a near-ideal fluid with its hallmark propensity for

viscous and resistive dissipation via near-TDs5,6,13,25,26,29–38.

A. Parker spontaneous current sheets

We are not aware of any published work treating the finite-time singularities of 3D PDE

(9) describing incompressible Alfvèn waves, but the nature of these singularities can be

intuitively related to the magnetic frozen-in condition. Mass is conserved between any pair of

frozen-in flux surfaces, the flux volumes ready to slip frictionlessly and discontinuously along

their boundaries where magnetic and flow TDs form. In 3D dynamics, two spatially separate

flux-volumes can make contact over a newly-created common flux-surface, by pushing their

ways through an intervening layer of sheared field. The resulting complex of deformed

flux surfaces would contain TDs wherever two magnetically-unconnected layers of field have

mutually slipped. The slipping is ideal and reversible, with no breaking and rejoining of field

lines, notwithstanding the holes having been punched through layers of flux surfaces. Each

hole is created in a flux surface by the discontinuous parting of field lines in the surface.

Forming and dissolving flux-surface holes are neatly described by an optical analog25,

the field lines in a flux surface behaving as optical rays governed by a refractive index

proportional to |B|
1/2. Field lines are refracted concave to a local maximum in |B|

1/2 and if

the maximum is su�ciently localized in the flux surface, field lines are excluded completely

from a finite area around the maximum. The exclusion area is then a hole in the flux

surface that can close up when the maximum dissolves away as the flow evolves. The ideal

PDEs (1)-(5) describing an initially everywhere continuous flow loses analyticity upon the

formation of the first TD or flux-surface hole, a property of the governing hyperbolic PDEs.

The hyperbolic PDEs describes waves traveling along space-time characteristic curves

that nonlinearly determine v and B at each spacetime point22,23. Generally, the character-

istics can in time merge or cross one another when the analytic PDEs lose their physical

meaning as the analytical flow-solution ceases to be single-valued in space. Physics takes

the solution forward in time by the constructed appearance of TDs in v and B that move

as fluid surfaces in the global flow. The fluid’s tangential slipping along flux surfaces is

reversible, the topology of the frozen-in field preserved.
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A compressive fluid develops discontinuities in v andB by a similar hyperbolic interaction

among the spacetime characteristics of the compressive magneto-sonic waves, in addition to

the incompressible Alfvèn waves. The compressive spacetime characteristics can in time also

cross one another or merge into an envelope, leading to unphysical multivalued functions

in space. The physical fluid would then evolves forward in time single-valued in space,

via hydromagnetic shocks propagating as discontinuities in p, v and B. The shocks are

necessarily dissipative and irreversible under the hydromagnetic conservation laws, involving

a specific, computable amount of entropy created in each propagating shock.

In the absence of compression, the TDs in p, v and B in incompressible Alfvèn waves are

ideal and reversible. The discrete electric-currents moving as magnetic TDs are necessary

additions to the continuous part of the global electric-current density that together account

under Ampere’s law for the invariant topology T of the global field.

The 3D fluid displacements creating TDs are driven by the geometry-sensitive forces in

momentum PDE (9), hereafter referred to as the three forces. The centrifugal and magnetic-

tension forces at each point in space are confined to their respective osculating planes of the

flow-line and field-line passing through the point, each plane defined by the tangent and

normal of the line at the point. Whereas, the third force is directed along the normal to the

level surface of the total pressure PT where the point is located. The three forces cannot be

freely determined at each point in space, being globally subject to the invariance of topology

T . In a time-dependent state, the non-equilibrium distribution of the three forces at any

time is correlated nonlinearly across all space by propagating Alfvèn waves. The formation

of TDs is an essential local response of the fluid to the globally correlated, anisotropic

forcing, resulting in frictionless, discontinuous slipping of magnetic volumes of fluid along

flux surfaces wherever such a slipping is energetically favored6,13 . From this perspective,

demanding analyticity for all time is seen as physically extraneous to the inviscid, perfectly

conducting fluid.

B. The phase-spaces BT and B
⇤
T

An ideal incompressible hydromagnetic star has a fixed entire history determined by its

permanent physical properties. Incompressibility constrains the stellar fluid to move via

volume-preserving displacements with a given uniform density ⇢0. The fixed stellar volume
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V0 defines the unchanging total mass M0 = V0⇢0 as its free boundary @V deforms. The

stellar magnetic field B has a fixed topology T under the frozen-in condition, permanently

partitioning the fluid into continua of specific sub-volumes identifiable at any time in the

fluid.

To keep essential concepts simple, we limit attention to the field being wholly contained

in the fluid abutting vacuum with a conserved total energy E < 0. The energy E , as the sum

of magnetic, kinetic and gravitational energies, being negative is a statement of gravitational

confinement. Although the incompressible fluid cannot expand to infinity, the confinement

may be unstable to breaking up into separate stellar bodies orbiting around each other in

mutual gravitational confinement conserving E < 0. It is also possible for a sub-body to be

ejected out to infinity, leaving the remaining orbiting sub-bodies at a total energy less than

E . Hydromagnetic instability may extend an interior field out of the star into a potential

field, which reduces the total energy E by the escape of Maxwell’s vacuum electromagnetic

waves out to infinity1. We keep the preceding ramifications in mind as we construct the

permanent physical identity of a single stellar fluid abutting vacuum, conserving the total

energy E and preserving magnetic topology T .

The single stellar fluid is defined for all time by its incidental state at any time t =

t0, in terms of its initial shape @Vt=t0 together with initial flow/field [v (x, t0) ,B (x, t0)].

This initial state defines the conserved E and invariant topology T . Since the governing

hydromagnetic equations are invariant under time-reversal symmetry t ! �t,v ! �v, the

given initial conditions define the evolution of the stellar fluid for all time. Let us assume

that the flow and field are continuous in space for all time, the assumption to be relaxed

later in the analysis. We define the phase-space BT to contain all the continuous fields B

of topology T , arbitrarily and continuously deformed from B (x, t0), just a mathematical

construction separate from ideal flows governed by the hydromagnetic equations. The entire

(�1 < t < 1) history of the hydromagnetic flow of the given fluid identified by the t = t0

initial state is then represented by the flow’s magnetic field B (x, t) tracing an evolutionary

path in the phase space BT , hereafter called a world-line.

The world-line constructed with B (x, t0) 2 BT is determined by the initial velocity

v (x, t0) in accordance to the ideal hydromagnetic equations. Di↵erent initial velocities

prescribed at time t = t0 for the same B (x, t0) define di↵erent world-lines originating from

B (x, t0) 2 BT . A world-line so identified by the t = t0 initial state is also identified
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equivalently by the state [@V,v (x, t) ,B (x, t)] at any time t 6= t0 along the world-line. The

world-lines catalog the entire continuum of time-dependent hydromagnetic evolutions of a

fluid identified by its given invariant field-topology T .

The spontaneous formation of the Parker current sheets shows that generally, the world-

lines in the 3D dynamics cannot remain analytical and must leave the phase-space B (x, t) 2

BT . TD formation is ideally reversible. Therefore, phase-space BT must be contiguous with

the phase-space B
⇤
T containing fields with TDs of the invariant topology T , arbitrarily and

mathematically deformed from each continuous field in BT . Thus, the union of the two

phase-spaces BT [ B
⇤
T contains all admissible world-lines of a given fluid of a fixed field

topology T including evolutions containing TDs. A world-line may continue from BT into

B
⇤
T with the first TD formation, or, continue from B

⇤
T into BT upon the dissolving of the

last TD to render v and B continuous in space.

The steady flows of a fixed T are represented by isolated stationary points in BT [B
⇤
T with

no world-lines to speak of. The Parker6 theory stating that TD-bearing flows are the rule

rather than the exception, may be reworded to claim that 3D steady flows depending on its

topology T are mainly located in phase-space B⇤
T rather than BT . The concept of “mainly”

applied to the infinite numbers steady-flow stationary points can be rendered precise using

the probabilistic description of measure theory23. The steady-flow stationary points located

in B
⇤
T are “immensely larger in size” than the steady-flow stationary points located in BT

in the following sense. Randomly selecting a field topology T , the probability of finding an

everywhere continuous steady-flow in BT [ B
⇤
T is nil. That is, the everywhere continuous

steady-flows in BT are sparsely distributed in the combined phase-space BT [ B
⇤
T .

A instructive analogy is that randomly picking a number in the open unit interval between

0 and 1 that happens to be a rational fraction of two integers, is nil. The infinitely many

rational numbers are sparsely distributed amidst the infinitely many irrational numbers in

the interval.

There are many formidable mathematical problems posed by the topological structure of

the phase-space BT [ B
⇤
T , which lie outside the scope of the study. A worthy note is the

possibility that the continuum of world-lines in the BT [B
⇤
T are generally ergodic and chaotic

based on a suitable metric definition of closeness between two points in that phase-space.
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C. Linear and nonlinear Kelvin-Helmholtz instabilities

Vorticity w = r⇥ v is not conserved in the presence of the field B because the angular

momentum in a parcel of fluid gains and loses by the Lorentz force. It is the frozen-in flux

surfaces that define the permanent sub-volumes, each moving as a whole and capable of

tangentially slipping discontinuously along another. The limit case of a fluid without a field

is interesting in its own right, for which momentum equation (11) reduces to

@w

@t
+r⇥ (w ⇥ v) = 0, (127)

describing the vorticity w = r ⇥ v to be frozen in the fluid. The frozen-in vorticity was

discovered by Kelvin39 before the frozen-in field was recognized by Alfvèn4 as an analogous

property. In the absence of the magnetic field, the inviscid fluid moves with an invariant

vorticity topology. The vortex surfaces permanently partition the fluid into sub-volumes

that can tangentially slip frictionlessly and discontinuously. Thus, the Parker theory may

be reworded to state that everywhere-continuous inviscid flows are the exception rather than

the rule, a property underpinning the Kelvin-Helmholtz instabilities.

Velocity shears in an ideal fluid are linearly unstable39. Taking Kelvin-Helmholtz in-

stabilities beyond linear analysis into weakly nonlinear regimes had revealed a loss of

analyticity40,41. Not pointed out in these pioneer analyses, the encountered singularities are

suggestive of an irrepressible, frictionless and discontinuous slipping among vorticity vol-

umes via energetically favored fluid displacements. Arnold42,43 pointed out that vortex-sheet

singularities arise naturally in the ideal non-magnetic fluid. The basic idea thus emerges

that the probability is nil for discovering a spatially-continuous steady flow possessing a

randomly-picked, invariant vorticity topology.

D. Astrophysical near-ideal incompressible fluids

Consider a dissipative fluid with weak viscosity and electrical resistivity represented by

constant coe�cients ⌫ and ⌘, respectively, in its parabolic governing PDEs

⇢0
@v

@t
+ ⇢0(v ·r)v =

1

4⇡
(r⇥B)⇥B�rp� ⇢0rU + ⌫r2v, (128)

@B

@t
= r⇥ (v ⇥B) + ⌘r2B. (129)
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Dissipation of kinetic and magnetic energies takes place as di↵usion of v and B controlled by

coe�cients ⌫ and ⌘. Pressure remains an in situ reaction force governed by elliptic Poisson

PDE (6) whereas the incompressible Alfvèn waves are damped by resistivity and viscosity.

Di↵usion takes place at all speeds, so that gradients in v and B di↵use faster than possible

for discontinuities to form.

Astrophysical viscosity and electrical resistivity are not zero, but are significant only

over length-scales orders of magnitudes smaller than astronomical length-scales. The di-

mensionless Reynolds number R = v0L0⇢0
⌫ and Lundquist number L = v0L0

⌘ respectively

compare a macroscopic velocity v0 against the di↵usion speeds of viscosity and resistivity

over a macroscopic length-scale L0. The common astrophysical environment with R >> 1,

L >> 1 indicates that, provided a flow does not incur extreme gradients on its own, a

near-ideal fluid behaves essentially as an ideal fluid. The Parker theory posits that unlimit-

edly small scales almost always develop nonlinearly in a 3D ideal fluid to the point of TDs

forming and persisting in its flow, if viscous/resistive dissipation is absolutely suppressed.

Radically di↵erent, a 3D near-ideal fluid develops irrepressible near-TDs on macroscopic

scales with the near-TDs thinning to the point of being dissipated by the otherwise weak

viscosity/resistivity. The total energy E decreases stochastically with the incidental dissipa-

tion of near-TDs as the field topology T changes.

Although magnetic reconnections3,4,6,26 take place on the small scales, each topological

change from T to T
0 is global. Local field-line breaking and reconnecting propagate as

Alfvèn waves in the changed field topology T
0 as the free boundary @V adjusts. The near-

ideal evolutionary world-line ends in BT [B
⇤
T and continues in BT 0 [B

⇤
T 0 . Each reconnection

episode simplifies the field topology and removes kinetic and magnetic energies. The weaker

viscosity/resistivity happen to be, the more e↵ective is a 3D near-ideal fluid capable of

macroscopically creating near-TDs for dissipation. The episodic reconnections repeat ex-

tensively in the fluid, simplifying field topology and decreasing total energy E < 0 in an

ongoing, irrepressible, stochastic relaxation.

The near-ideal evolution is thus a world-line traced in the combined phase-space summed

over all admissible topology T

Ball =
[

T
[BT [ B

⇤
T ] . (130)

The relaxation process in Ball naturally seeks a terminal minimum-E steady state, driven by
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the Parker current-sheets forming and dissipating in a 3D field, never ending because the

probability is nil for arriving in a rigorously TD-free steady state. However, the irrepressible

current sheets must form with diminishing current intensities as free energy runs out by the

simplification of field topology T . The fluid thus naturally relaxes into an energetically pre-

ferred macroscopic steady-flow, with TDs still forming and dissipating but at progressively

insignificant energy dissipations. The axisymmetric flows in Section III if linearly stable

may thus be viewed as the products of such a stochastic relaxation of a 3D flow.

One may construct a parallel, combined phase-space summed over all admissible vorticity

topologies in a given total mass of gravitating, incompressible, inviscid non-magnetic fluid

isolated in vacuum. Taking the viscosity to be rigorously zero, the fluid remains in the

sub-phase-space defined by its absolutely invariant vorticity-topology, generally embedding

irrepressible, infinitesimally thin vortex sheets to comply with the topological invariance.

A near-inviscid fluid dissipates such vortex sheets, liberating itself to evolve openly in the

combined phase-space as its changing topology drives the evolution. This turbulent behavior

is intriguing in the evolution of a collection of interacting near-ideal isolated vorticities44.

E. Hydromagnetic dynamo action

The turbulent relaxation process of a near-ideal fluid is distinct from an astrophysical

field actively generated by turbulent dynamo actions such as occurring in the Sun as a

magnetic variable star3,45. In broad terms, the Sun rotates, with a core, possibly in uniform

rotation, that is enveloped by a di↵erentially-rotating, turbulently-convective outer shell of

an estimated thickness of about a fifth of a solar radius46,47,50. A solar dynamo maintains

the Sun’s dipolar, global magnetic field that reverses polarity approximately every eleven

years3,48,49,51–53. This dynamo is driven by the hydromagnetic flows delivering the imperative

outpouring of thermonuclear energy from the core into the convective envelope, to escape

passively as white light through the optically-thin solar atmosphere, the corona, at a highly

steady rate of about 4 ⇥ 1033 erg s�1. Maintaining the luminosity throughput dominates

the solar interior and is probably the dynamical reason for the steadiness of the Sun’s highly

spherical shape. The solar dynamo field is energetically driven, a 3D process, the large-scale

field sheared by di↵erential rotation and subject to convection-scale twisting and folding of

magnetic fluxes and vorticity. The solar dynamo is, of course, beyond the scope of our basic
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study. However, there is a fundamental dynamo e↵ect not previously recognized, about

which our study suggests an interesting insight.

The dynamo interaction between magnetic twist and vorticity may self-arrest or be

quenched by the creation of meta-stable field-aligned and cross-field steady flows as products

of a global dynamo, of the kind represented by the axisymmetric steady flows in Section III.

The inexorable near-ideal drive to locate a terminal steady-flow as a dynamical attractor, is

brought about by free energy running out as irrepressible TDs form with diminishing free

energy. That a Tsinganos-Ferraro steady cross-field flow can exist is remarkable. Its mutu-

ally intersecting pairs of infinitely-long, ergodic, solenoidal flow-lines and field-lines, fill up

entire flux surfaces. Such a topologically complex steady hydromagnetic flow seems possible

only as a product of turbulently-dissipative self-organization34–36.

That dynamo actions may be locally quenched in this manner is intriguing. Dynamo

actions cease locally when the flow-lines and field-lines are forced into alignment by the

turbulent resistive di↵usion of the field and dissipation of vorticity, or, when a steady

Tsinganos-Ferraro cross-field flow emerges because it is energetically favored. Storage of

steady vorticity and magnetic twist in localized pockets may break away from the global

dynamo, to coalesce into larger flows or return to be a part of global dynamo actions. A

storage of vorticity and magnetic twist may last long enough to rise and break through the

solar surface as the general origin of sunspots54,55.

Our study was motivated by the intriguing small-scale coronal eruptions17 persisting

coherently along solar longitudes recently observed by STEREO and SDO spacecraft in the

period 2011-2013. These eruptions possibly also have their origin in fluxes emerging into the

corona, a million-degree hot, near-ideal, spatially-enormous, tenuous external atmosphere.

The eruptions are local R >> 1, L >> 1 reconnection events as the the emerging vorticity

and twisted-fields adjust in the electrically-highly conducting corona. The eruptions may also

be a signature of ongoing spontaneous reconnections that re-configure a large-scale, highly-

structured coronal flux-system56–60 that eventually loses self-confinement to be expelled as

one of the daily Coronal Mass Ejections (CMEs)61–65 traveling out in the interplanetary solar

wind66. These coronal phenomena have the following fundamental implication. Coronal flux

systems, as self-organized products of ubiquitous flux emergence, are the accumulations of

magnetic fluxes lost by the solar dynamo that eventually are taken out by CMEs into

interplanetary space. Which is to say, the solar dynamo is an open system, bodily delivering
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generated flux into the open solar atmosphere as the basic mechanism of the eleven-year

polarity-reversals of the coronal global field67,68.

F. Flux emergence and ejection from an incompressible star

Coronal phenomena12 are an essential component of the hydromagnetic Sun. The loss

of magnetic flux and twists from its dynamo is, in fact, also a property of the incompress-

ible star we have studied. Limiting our treatment to wholly contained stellar fields keeps

the physical issues simple and their mathematics manageably tractable. Whereas, wholly

contained fields are generally unstable at the free boundary @V abutting vacuum. The

fields are liable to break through @V to extend into the vacuum exterior, the emerged field

instantaneously becoming potential in the non-relativistic hydromagnetic description. The

leading-order description of the vacuum is relativistic, with electric and magnetic fields gov-

erned by Maxwell’s equations. As the incompressible star evolves with a shape-changing @V

and an instantaneously-changing emerged potential field, two consequences are fundamental.

As previously pointed out, total energy E is then no longer conserved and must be decreasing

in time, the lost energy carried away by the Maxwell waves neglected in the hydromagnetic

description. The incompressible fluid may remain whole as the star, but magnetic twist

must travel out along field lines crossing @V to also be carried away by Maxwell waves. The

field topology T is no longer preserved. Thus, at any one time during flux emergence, the

external potential field behaves as a sink of energy and magnetic fluxes and twists. The

whole physical system including the exterior vacuum can be described by coupling Maxwell

equations to the non-relativistic hydromagnetic equations governing the stellar interior, such

as seen in a recent calculation1. The transport of energy and magnetic fluxes and twists

by the Maxwell waves to infinity corresponds to the hydromagnetic outward transport of

similar losses to the Sun via the CMEs69,70 expelled from the corona.

The theoretical motivation of our study needs reminding, to discover hydromagnetic

properties in the simplicity of the incompressible fluid possessing a single magnetic-wave

process. These properties are interesting in their own right as a part of continuum mechanics

while, as our study shows, they o↵er generalizable conceptual ideas for interpreting the

observed Sun. The study also calls for a challenging theoretical e↵ort to develop 3D time-

dependent Direct Numerical Simulation computation codes capable of treating the elliptic,
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hyperbolic and parabolic hydromagnetic PDEs, building on ongoing numerical studies51,71–77.

The success of such a program depends on insightful forethoughts on the relevant physical

processes and their nonlinear mathematical properties, to guide and check on the reliability

of the codes developed. The following theoretical 3D model holds promise of interesting

physics. To relate to the Sun, an evolving incompressible star is powered by the steady,

outwardly-conducting, thermal flux from an artificial point-source at the stellar center, that

is convectively transported to be radiated away at a variable @V into vacuum, across which

hydromagnetic structures from a time-dependent interior dynamo continually emerge into

outward propagating Maxwell waves.

V. CONCLUDING REMARKS

The study focused on a broad-brush understanding of hydromagnetic properties, leaving

the interested readers to follow up on interesting physical issues encountered in the con-

struction. The simplicity of the Alfvèn waves being the only magnetic wave-phenomenon

in the incompressible fluid suggests that a mathematical proof of the Parker spontaneous

current sheets may be based on the hyperbolic nature of the incompressible PDE (9).

To cite a class of problems one might pursue with physical forethoughts, the linearly-

stable, equipartition, field-aligned steady flows of Chandrasekhar admit fields of all topolo-

gies, with the flow speed everywhere equal to the Alfvèn speed. Thus, each parcel of fluid

sees no propagating Alfvèn waves in its rest frame3. Whereas, in a Tsinganos-Prendergast

field-aligned flow, a parcel of fluid in its rest frame sees Alfvèn waves propagating in all

directions or in swept-back directions, depending on whether the flow speed is sub-Alfvènic

or super-Alfvènic. How do these wave properties a↵ect the stability or instability of the

field-aligned flows? Can an unstable a super-Alfvènic flow in a near-ideal fluid be driven

and then nonlinearly arrested or quenched by TD dissipation into a 3D Chandrasekhar

equipartition flow in its linear stability? All but a few of the field and flow lines of the

Tsinganos-Ferraro steady flows have no ends, infinitely-long lines, each line densely covering

a whole flux surface. This suggests they may be created by TDs forming and dissipating by

magnetic reconnections, densely distributed throughout a fluid9,10.

The solutions to such problems build up a physical understanding of the ideal, incom-

pressible free-boundary stellar flows with its closely related near-ideal flows in tow. The
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fundamental hydromagnetic properties discovered in the physically simple incompressible

fluid have their complex counterparts in a compressible fluid.
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